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.-\bstract-Th.: dynamic response of a shem-d.:formable e1asti.: plate to the impact of a mass causing
p.:rman.:nt ind.:ntation has be.:n .:onsid.:r.:d. Experimental data form the basis of the ind.:ntatilln
law and an elastic reCll\'ery is assumed wh.:n the striking mass kav.:s th.: plat.:. Th.: conta.:t force
and th.: plat.: c.:nt.:r displac.:m.:nt tim.: histori.:s as well as th.: .:n.:rgy absorb.:d during impa.:t have
been calculat.:d. Th.:s.: results have been I:llmpared for elastic impacts with and without shear
ddllrmatilln dlects.

INTRODUCTION

The impact prohlems on heams and plates havc been studied quite extensively (Goldsmith.
19(0). The e1astil.: impal.:t of a mass on sUl.:h strUl.:tures has heen wnsiden:d in the c1assil.:
works ofTinlOshenko ( 1913). Karas ( 1939). Zener ( (941). Chattopadhyay ( 1(77) addressed
the etfel.:t of shear deformation on the impal.:t response of e1astil.: plates using Mindlin ( 1951 )
plate theory and wnduded that for high velodties sudl dli:l.:ts are important. In an
experimental study. Barnhart and Goldsmith (1957) showed that permanent I.:raters I.:an be
produl.:ed evcn at n:latively low impal.:t velol.:ities. Chattopadhyay (19X7) used experimental
data on permanent indentation in llfder to obtain the dynamil.: response of large elastil.:
plates. The I.:ontal.:t forl.:e and the displ;tl.:cment time histories werc shown to be significantly
altered with the indusion ofpermancnt indentation dfel.:ts. Furthermore. additional energy
was shown to hc dissipated in the perm;lIlent indentation prol.:ess. when I.:ompared to the
elastil.: I.:ase.

The present work is aimed at I.:omparing the two important mel.:hanisms. namely that
or shear deformation and permanent indentation on the impal.:t response of elastil.: plates.
In previous works sudl elli:l.:ts were individually treated. Because of the nonline;tr load
detlel.:tion relationship at the I.:ontal.:t region a simple superposition is not possible to address
the two impllftant dfel.:ts. The motivation of this work is guided hy two important
I.:onsiderations. namely (a) better mathematil.:al modeling and (b) pral.:tical applil.:ation
involving permanent indentations. First. the shear deformation mel.:hanism provides a
good wrrelation between two-dimensional plate theory and the three-dimensional elastic
solutions. Sewnd. permanent indentation dfel.:ts provide important information on erosion.
wear and fatigue. when wnsidering impal.:ting between mal.:hine dements.

In this work. the I.:ontact foree and the plate displal.:ement time histories have been
cakulated using an experimentally obtained indentation law for the elassil.:al plates as
well as the shear-deformable Mindlin plates. The results have been I.:ompared with the
I.:orresponding c1astil.: impal.:t solutions.

In plate impal.:t studies. it is relevant to determine how mUl.:h energy of the striking
mass is absorbed in the plate. An important I.:ontribution to the understanding of impact
I.:haracteristics has been provided by Zener and Feshbach (1939) in their wnsiderations for
energy transfer. The actual contact force F(t) is expressed in terms of a normalized force.
It has been established by Zener and Feshbach and extended by Lee «(940) that errors
resulting from the ignorance of actual contact forl.:e can be mostly eliminated in this way.

t This paper was presented at the Twelfth Canadian Congress of Applied M.:chanics. Carleton University.
Ottaw;l. ~s May 2 JUlle 19S9.
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The method uses a normalized contact force which is insensitive to the actual description
of the contact force. In this work the energy loss during impact has been calculated by using
the peak contact force and contact times for elastic and inelastic impacts using dassical and
shear deformable plate theories.

RECTANGULAR PLATE VIBRATION

The natural frequencies of vibration of rectangular plate should be determined in order
to study the plate impact response. For this purpose. we consider the classical plate theory
and the Mindlin plate theory which considers shear deformation effects.

(0 Classical plate theory
The equation of motion in the absence of external loads is given by

( I )

where II' is the transverse displacement. J1 is the mass density, Iz is the plate thickness and
D = Eiz '/12(1 - v~), where E is the Young's modulus and \' is Poisson's ratio for the plate
material.

From eqn (I) we obtain the frequency equation of a simply supported plate for the
(111.11) mode as.

ph 1= (I1tn).! i (,,~~)1 (11n)1 (nn).!
I') P}"m +- h + I •a a ,

for m.n = 1.2•.... 'I:). (2)

(ii) Milltllill plate t!teory
The equations of motion developed by Mindlin arc given by

(3)

where r/J, and t/J, are the rotations of the plane sections. G is the shear modulus and 1\ = rr 1/12
is a shear correction factor introduced by Mindlin (1951).

We note that the contribution of the rotatory inertia terms is small and can be neglected
(Mindlin. 1951). Using this criterion, we obtain the frequency of a simply supported plate
for the (m.lI) mode as.

(4)

For a concentrated force F(t) applied at the center of the plate (aI2. h12) the dis,
placement response of the plate is given by eqn (5)



4 x

w(x.y.t) =bit L
a p '" _ u.

x

L
"os J. J ..

Impal:t response of dastil: platc:s

I it- F(r)sinw,",,(t-r)dr
wmfl 0

1741

. mrr . nrr . mrrx . nrry
x Sin -- Sin - Sin -- Sin -. (5)

2 2 a b

THE l~lP:\CT PROBLEM

The problem will be formulated both for elastic and inelastic impacts. The elastic
impact refers to the case considered by Karas (1939) and Zener (1941). In these formu­
lations. Hertzian contact force law is assumed for the etfect of local elastic deformation at
the region of contact. i.e.

F = kS J ~ (6)

where S is the relative approach of the mass and the plate. and k is a material constant that
depends on the radius of the striking mass and the modulus of elasticity of the mass and
the plate.

For the case of permanent indentation. the following assumptions have been made
similar to Barnhart and Goldsmith (1957).

(i) The initial kinetic energy is completely transformed into the kinetic energy of
rebound and the energy needed to form the permanent crater. This requires that the mass
deforms only elastically and that vibrations of the mass and plate can be negleded. The
elastic deformation of the mass was veritied experimentally hy Barnhart and Goldsmith
(1957). Furthermore. Rayleigh (1906) showed that vcry lillie vihration is induced in an
oscillating system under the inl1uence of forces of duration long in comparison with its
natural periods.

(ii) The rehound energy of the mass is derived solely from the elastic strain energy
stored equally in the mass and plate. This has heen suhstantiated hy the work of Tahor
(1955) for identical elastil: pwperties of the mass and plate.

(iii) The forl:e law is derived fwm the modi lied flertzian law of contact. i.e. for
indentation.

F = NS". 0 ~ S ~ Sill'

and for the recowry process.

F = F (~~-~'-)'~ S' >- S>- ')
m Sm- S, , 'mr r·"

(7)

(8)

when Sm is the maximum relative approaeh. S,. is the permanent crate depth. and N ,lOd "
are material constants to be obtained experimentally. Note in eqn (8). when S = Sm. F = Fm•
the peak conl4lct force. Note the recovery process is Hertzian or elastic.

DETERMINATION OF CONTACT rORCE

The nonlinear integral equations of the contact force for the impal:t are obtained by
combining the rdative approadl of the striking mass ,Illd the pl,tte with the 4lssumed force­
del1ection relationship at the contact point given by eqns (7) and (8). The solution is clfected
by the small-time increment method. where the time increment is sullicientfy small so that
a linear force-time relation may be used during each increment. At the beginning ofcon tact.
the local deformation dominates. Therefore. a recursive scheme that neglects the structural
deflection in the initial stage has been formulated for the solution of the contact force. This
scheme is shown to be convergent for both elastic and inelastic contacts.
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For the recovery process the solution starts off with the initial conditions on force and
displacement corresponding to the time when the contact force reaches a maximum value.
obtained from the indentation process.

E:-';ERGY TRA:--iSFER DURI:-':G I:\IP,-\CT

The total energy absorbed in the (m. fl) mode of the plate is given by

(9)

where To is the time when the contact ceases. Following Zener and Feshbach (1939) we
normalize the contact force as

Iff,
I{O = F(t) / F(r) dr.

I n
( 10)

This normalization procedure minimizes the errors resulting from the ignorance of the
actual contact force. 11'(' denotes the coellkient of restitution. then the change of momentum
produced by the contact force is

fr.
11I 01'0(1 +c) = F(r)dr.

o

Denoting l~·. the initial energy of the mass. hy lIIodo. we have

where

From conservation of energy we have

From eqns (12) and (14) we have

e = (1- R)!(1 + R).

( II)

( 12)

(13 )

(14)

( 15)

:-':UMERICAL RESULTS AND DISCUSSION

Consider a rectangular steel pl.lte with the dimensions a =h = 30 in. (76.2 em) and
II = 1/2 in. (1.27 em) upon which a steel sphere of diameter 1/2 in. (1.27 em) impinges with
a velocity of 150 ft s - I (4572 em s - I). Barnhurt and Goldsmith (1957) report experimental
results for the cuse of the impact of an identical projectile on a beam of 30 in. (76.2 cm)
span and a cross-section of 1/2 in. x 1/2 in. (1.27 em x 1.27 em). In our plate impact study.
we assume an identical local force indentation law. The indentation parameters used in our
analysis arc k = 10.989 x 10'. N = 1.29 x 10". and" = 1.128. The crater depth in the plate
is also based on the experimental values for the beam from Barnhart and Goldsmith (1957).
In the numerical computations. we employ nondimcnsional quantities. We define
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Fig. I. Contact force vari"tioll.

dimensionless time.

(16)

dimensionless contact force.

(17)

dimensionless central deflection

w· = w(a/2. b/2. I)/h. ( 18)

The striking clastic sphere is taken to have a dimensionless mass

m. = m/pllJ (19)

and a dimensionless velocity

v· = V/(E/p)I.~. (20)

The contact force variation for various cases is shown in Fig. I. The combined effect of
shear deformation and permanent indentation is found to change the nature of the contact
force variation and to decrease the maximum value of the contact force. The contact times
for the cases involving permanent indentation (with and without shear deformation) are
somewhat less when compared with the corresponding elastic solutions.

Figure 2 shows the plate central displacement as a function of time for various cases.
All the curves seem to follow the same pattern with displacement steadily increasing. then
reaching a plateau and then increasing to a peak value when the waves get reflected off the
boundary of the plate. If the plate were infinite. the displacement corresponding to the
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Fig. 2. Plate cenlral del1ection.

steady value (at the plateau) would continue indefinitely which has been idenlilkd as
"intrinsic inelasticity" of large plates by Zener (1941). The peak displacements associ.tted
with the permanent indentations arc significantly less compared to the elastk impact
solutions because of the smaller contact force resulting at the contact region.

Figures I and 2 indicate the minimal contribution of shear deformation as contact
force and displacement time histories. The eflcct is not pronounced at moderale impact
velocities. For higher impact velocities signific.tnt diflcrenees can result due to shear ddor­
mation as reported by Clwllopadhyay (1977).

Figure 3 shows the energy absorbed in the plate as a fruction of the initial kinetic elll:rgy
of the mass for the various cases considered. Typically, the energy absorbed associated with
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permanent indentation is more compared to elastic impact. with additional energy going
to deform the plate permanently. However. more spectacular is the case involving inden­
tation in a shear-deformable plate. Considerably more energy is absorbed in a shear­
deformable plate when considering permanent indentation. than for the case of elastic
deformation alone. A major contribution comes from the dynamic plasticity where shear
deformation effects are pronounced. as shown by Jones and Gomes de Oliveira (1979).
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